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ABSTRACT

A general approach of path planning applicable to several types of production
processes, like milling, grinding, and spraying, is described. It identifies three
types of paths: the tool paths, the manipulator paths, and the impact paths. By
considering these paths more or less independently, the computational complexity of automatized path planning can be reduced. Although feasible solutions may be lost, the remaining solution space often is still sufficiently interesting from the view of application. The main part of the paper is devoted
to distance field based curves on free-form surfaces, which are well suited as
impact curves for surface-oriented manufacturing processes. Existing knowledge is compiled for a rigorous treatment of this concept, and novel modifications of distance fields are presented to overcome some of its disadvantages
with respect to the requirements of manufacturing. These in particular concern
smoothing and path distance adaptation. Efficient algorithms are presented for
these concepts and for the construction of distance field based curves on freeform surfaces represented by triangular meshes.
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1

INTRODUCTION

Path-oriented, computer-controlled manufacturing systems work by moving a
tool along a path in order to affect a workpiece. Examples of production technologies where path-oriented systems are widely used include milling, grinding, and spraying. A central issue of path-oriented production is the as automatized as possible generation of paths whose execution has the desired effects
on the workpiece.
Path planning is often performed heuristically without a formal specification
of the overall aim. However, as examples in the literature show, a precise specification has the advantage that the structure of the computational problem can
be analyzed. Based on the analysis, alternative solution methods can be found
in a more systematic and comprehensive way than just by intuition. Although
these may still be heuristic or approximate because of the inherent computational complexity of the task, the benefit is that knowledge about existing
methods may be taken into account. A mathematically rigorous specification
of path planning in a technology-independent way has been presented by Kim
et al. [25].
Based on this general view, this contribution starts with the description of
a general approach of path planning applicable to several types of production
processes. In a nutshell, the approach distinguishes between three classes of
paths, the manipulator paths, the tool paths, and the impact paths. The execution of a manipulator path leads a tool path which in turn induces an impact
path. For path planning it can be interesting to consider this in the inverse order.
It starts with the planning of an impact path. This is followed by planning a
corresponding tool path which then needs a manipulator path for its execution.
More details will be presented later on.
The central part of the paper is devoted to the planning of the impact path.
For surface-manipulating production processes it is reasonable and convenient
to represent the geometric shape of impact paths by curves on the surface to
be manipulated. This is a widespread approach for milling where curves are
defined on the goal surface. The tool path is an offset curve to the surface curve,
which describes the tool motion with respect to a tool center point or a tool center frame. For spray coating, the tool path is some sort of displacement curve,
too, but the direction and amount of displacement may significantly vary along
the impact curve. The impact curve has to be chosen in a way that all parts to be
manipulated are reached by the tool. Additionally this should be performed in
minimum time. These requirements have led to the interest in paths “covering”
a surface in a way that every “location” is reached just once. This resembles the
properties of travelling salesman paths in operations research. Optimal path
planning based on the traveling salesman path paradigm may become quite
time consuming. The reason is that it is known to be a computationally hard
problem, i.e. an NP-hard problem [19].
In practice it is often preferred to choose a fixed pattern for the impact curves.
Two typical examples are meander (or zig-zag) and spiral curves. Such curves
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introduction

can be constructed in different ways. A simple but limited possibility is the cutting plane approach which takes the intersection curves of a stack of equidistant parallel cutting planes with the workpiece surface. Depending on the orientation of the stack, the resulting curve segments can either be converted to
meander or the spiral curves.
A disadvantage of the cutting plane approach is that for surfaces of varying
curvature, the distance between neighboring curve segments is not uniform.
This may lead to a more dense surface coverage at some locations than required by the impact zone of a tool, and thus to a longer production time than
necessary.
A more sophisticated alternative is the distance field approach [4]. The distance field of a source point on a surface is a function on the surface which
assigns to every surface point its geodesic distance to the source point. By
taking all points on the surface having an equal distance value, a so-called isoline is obtained. By taking a sequence of distance values of equal difference,
a sequence of curves results which can be converted into meanders or spirals,
respectively. The source point can be replaced with a source set. A typical example is the boundary of a surface. This leads to some sort of “parallel” curves
to the boundary.
The distance field approach leads to curves with mostly equal geodesic distance. This makes it superior to the cutting plane approach. A further advantage is that the shape of curves which can be generated is extremely rich. The
shape is controlled by the shape of the source set. Even for source sets with just
a few degrees of freedom of their shape, interesting families of curves may be
generated. This makes the concept interesting for the optimization of objective
functions depending on the curve shape.
However, local exceptions from the property of uniform distance may arise
at locations of high curvature of the source set. At those locations the distance
field may become non-differentiable. Furthermore, in general a single set of
nested concentric contours induced by the boundary of a surface as source set
is impossible. This would be favorable because these contours could be naturally transformed into one spiral. The general case, however, is a nested sets of
concentric contours. The nested sets of contours lead to nested spirals which
cannot be connected into one curve in a straightforward way. Furthermore, several spirals increase the number of locations with narrow curvature. This may
have a negative effect on the achievable tool speed.
There are several publications about distance field based path planning. However, they usually concern a particular, application-related aspect, and do not
address the difficulties mentioned systematically. The main contribution of this
paper is a rigorous treatment of distant field based path planning. Existing
work is taken into account, and new contributions improving and extending
distance field based path planning will be presented: In particular, smoothing
and blending methods of distance fields will be described which offer possibilities of construction of fair curves. A further extension concerns the local
spatial adaptation of the curve distance. This is of interest since the impact
zone of a tool may vary locally, e.g. depending on the curvature of the workpiece. Curves taking this into account could imply improved manufacturing
times. Locally varying distances are achieved by anisotropic distance fields.
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The distance field approach is independent from the type of surface representation, whereas algorithms calculating concepts related to distance fields
are not. We have chosen free-form surfaces represented by a triangular mesh
as representation. The reason is that triangular meshes provide a flexible representation of increasing importance in practice, to which many other representations can be transformed with not too much effort. A comprehensive set of
methods for manipulation and representation of triangular meshes exist today
which make them a powerful representation for many applications of geometric surfaces [26].
The following chapter 2 gives a survey on related work. Chapter 3 introduces the three-level approach to path planning. The subsequent chapters are
concerned with definitions and algorithms related to distance fields on surfaces
(chapter 4), isolines in distance fields (chapter 5), and contour graphs (chapter
6). This part closes with the derivation of a connected curve from a set of neighboring isolines (chapter 7). The description of improvements with respect to the
requirements of manufacturing starts with the concept of medial axis (chapter
8). This is followed by smoothing of distance fields (chapter 9), anisotropic distance fields (chapter 10), and blending of two distance fields (chapter 11). The
paper concludes with issues of further research (chapter 12).

2

R E L AT E D W O R K

2.1

planning of paths for manufacturing processes

Most work on path-planning for manufacturing has been performed for the
process of milling, and a lot has been published in this field. Most of the work
concerns milling close to the desired surface. Usually tool paths are defined
with respect to a tool reference frame. For example, for spherical tools the
origin of the reference frame is in the center of sphere. In order to keep the
tool tangent to the surface, the tool frame origin has to be located on an offset
surface resulting from the desired surface by moving its points in direction of
their surface normals by the radius of the tool sphere. This observation can be
used to transfer the original tool path planning task to a path planning problem
on the offset surface.
The curve types mostly used are zig-zag- or meander curves and contour
parallel paths [13, 8]. In a recent publication Chen et al. [7] zig-zag curves
are generated on free-form surfaces by using the intersection curves of cutting
planes. Kim et al. [24] use stream lines of a specially optimized vector field
to generate zig-zag paths that also guarantee a constant cusp height when using these paths for milling. Kim at al. also introduced the so-called parallel
geodesics [23], which are a kind of offset curves to a seed curve with respect to
the surface geometry.
Since 3-axis milling is the preferred technology, the contour-parallel case is often considered in the plane. Contour parallel paths are paths which are “in parallel” or “concentric” with the boundary of the workpiece surface. This avoids
hard turning points where a path reaches the boundary. Contour parallel paths
are preferably used for 2D pocketing and are generated by offsetting operations. They usually have a spiral-like shape. Recent work by Held [22] and
Lauwers [28] concerns spiral paths in the plane fitted to a pocket boundary
and to a 2.5D pocket, respectively.
For high-speed milling a completely different approach to construction of
curves of low curvature has been proposed. The basic idea is to move the center
of a closed curve, like e.g. a circle, along a guiding curve while simultaneously
moving a point along the closed curve. The trace of the point defines the desired
curve. A special kind of such curves is the trochoid which results by rolling a
circle on a line. A more recent development has been presented by Elber et
al. [16].
Moving-circle induced curves of this type are also of interest for thermal
spray coating in order to keep the temperature of the workpiece low. As noted
by [6], spray processes have been significantly less considered in the past than
milling. Path planning for spraying is mentioned mainly in conjunction with
spray painting [1, 2, 9, 14, 25, 35]. The preferred type is zig-zag curves where
the turning points are outside the workpiece surface in order not to affect the
coating by low speeds at the turning points. A particular problem is to find the
speed and surface distance of the spray tool along the tool path. A solution has
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related work

been proposed by Kout et al. [27], which splits the planning problem of the tool
path into a surface covering problem and an impact path planning problem.
2.2

robot path planning in general

In robotics, online, offline, and autonomous path planning can be distinguished.
Online path planning means to teach the robot interactively by moving it on
the desired trajectory. Online path planning is just of moderate interest for the
manufacturing processes considered here since it is hard to find the appropriate
parameters concerning e.g. speed and acceleration which optimize the objective
of the manufacturing process.
Offline path planning is concerned with defining paths without execution of
the real process. This can also be performed interactively by teaching based on
simulation, or by algorithms which automatically or semi-automatically find
appropriate paths. Approaches to offline robot path planning are the emphasis
of the comprehensive book by LaValle [29]. Contributions to the algorithmic
foundations can be found in a book series edited by Erdmann et al. [17].
Autonomous path planning denotes the process of finding paths solving a
given task by online learning by the robot. This approach of path is mainly
considered for mobile robots in complex and dynamic environments which are
hard to predict. A thorough introduction to probabilistic methods successfully
applied in this field is given in the book by Thrun et al. [41]. Up to now this
approach has found less interest for industrial robots.
2.3

planning of paths for industrial robots

The most widespread methods employed to path planning for industrial robots
are online and offline approaches. The main applications of industrial robots
are processes composed of a sequence of discrete actions. Examples are processes of assembling or welding. Less common are processes which require
paths covering a whole workpiece, like e.g. milling. For such processes, special
purpose machines like numerically controlled tool machines for milling exist.
Examples of surface-covering processes for which robots are used are spray
painting and spray coating, grinding, and incremental deformation. For that
reason the development of path planning solutions has found interest in particular for 3- and 5-axis milling machines, while industrial robots have been
neglected.

3

A T H R E E - L E V E L A P P R O A C H T O PAT H P L A N N I N G

A manufacturing path can be described by a time-dependent multidimensional
function. Each component of the function specifies a feature of the path. The
features can be divided into three types. The first type are geometric features.
The geometric features describe the location and orientation of the tool or of
parts of the manufacturing environment, like the spatial configuration of the
manipulator, like a robot arm. They are in particular influenced by the shape
of the workpiece and of the manufacturing environment. The second type are
kinematic features. The dynamics features characterize the motion, e.g. in terms
of velocities or accelerations. They are influenced by mechanical properties of
the tool and the manufacturing machine, like their mass. The third type of
features are the process features. The process features describe the interaction
between the tool and the workpiece. Examples of process features for spray
coating are the material feed rate of the spray gun, the opening angle of the
spray cone, or the portion of particles reflected by the workpiece surface. Usually these features are correlated. For example, the opening angle of the spray
cone may influence the inter-path-distance and the distance of the gun from the
surface. Another example of correlation is that possibly not all tool positions or
required speeds might be reachable for a robot arm.
The three-level approach to planning for manufacturing paths presented in
the following considers three classes of paths: the impact paths, the tool paths,
and the manipulator paths. A separate path planning problem is related to each
of these classes of paths.
3.1

impact paths

For surface-oriented manufacturing processes, like e.g. grinding, finishing, and
spray coating, the impact paths are located on a surface. The surface can be
the given surface or the target surface of the workpiece. The impact path describes the time-dependent successive modification of the surface. In general,
the impact path can be a function S from the time line to the state space of the
workpiece. In the context of path planning it may be more convenient to decompose the function S into two functions Cimp and Swp , S = Swp ◦ Cimp . Cimp
is a function from the time line to the workpiece surface which defines a curve
on the surface. This curve is called impact curve. Swp is a function from the
point set defined by the curve to the state space if the workpiece. The impact
curve represents just geometric and dynamics features, while the function ∫wp
yields the process features.
For thermal spray coating as an example, the state of a workpiece may be
described by the current coating thickness at any point, the current workpiece
temperature at any point, and properties of the material at any point. Alternatively, the state may be described procedurally by providing features from
which the workpiece state can be derived at any time from a process model. A
possibility is a mapping from the impact curve to the tool path.
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a three-level approach to path planning

3.2

tool paths

A tool path describes the time-dependent change of the tool state. Formally,
it is a mapping T from the time line to the state space of the tool. For path
planning, this mapping can be decomposed as T = Stool ◦ Ctool . The function
Ctool represents the so-called tool curve. The tool curve specifies geometric and
dynamics features of the tool. At any time it yields the location of a coordinate
frame in space, in which the geometry of the workpiece is described. For a nonrigid tool, the deformation of the tool is considered as a process feature so that
the related geometric change is not represented by the tool curve. A grinding
disk is an example of a non-rigid tool.
The tool curve Ctool can be represented relatively to the impact curve Cimp by
mapping Cimp (t) to Ctool (t) at time t. In this case Cimp can be considered as a
guiding curve for Ctool . For example, in robot-based spray coating it is useful
to represent the location of the frame of the spray gun at time t relative to the
location of a frame assigned to the impact curve so that the center line of the
spray cone intersects the impact curve in the point Cimp . The frame assigned to
a point on the impact curve may be defined by the tangent vector, the normal
vector of the surface, and a third perpendicular vector. Ideally, the center line
of the spray cone should be in direction of the normal vector, but conditions
implied e.g. by the robot may prevent this position.
3.3

manipulator paths

A manipulator path defines the time-dependent change of the state of the manipulator moving the tool. It can be specified by a function M from the time
line into the state space of the robot. The function may be written as a concatenation Sman = Sman ◦ Cman . Cman is denoted as manipulator curve. It is specified
by the program controlling the manipulator. This means that it represents the
desired geometric and kinematic configurations the manipulator has when the
program is executed. However, because of dynamic properties of the robot, e.g.
due to the masses of its components or the impact of the interaction of the tool
and the workpiece, the true configurations of the manipulator can be expected
to be different in general. The difference is described by the second function
Sman which assigns a dynamic configuration to a kinematic configuration.
In the case of a typical industrial robot with an arm in form of a kinematic
chain, the manipulator curve can be represented by a standard notation of the
forward-kinematics.
The relation between a manipulator path and a tool path is formally described by Stool = Stm ◦ Sman . The function Stm specifies the relation between
the manipulator and the tool. With respect to the associated curves, the relation is Ctool = Ctm ◦ Cman . Here Ctm describes how the tool is geometrically
mounted to the manipulator. In the most simple case the tool is mounted in a
rigid way which can be expressed by a fixed relation of the tool frame and a
frame associated to the mounting point of the manipulator.

3.4 path planning

3.4

path planning

The goal of path planning is to find a manipulator curve, that is a manipulator
program, which achieves the desired effect on the workpiece. The desired effect
can be expressed by objective functions or constraints like it has be described
e.g. by Kim et al. [25]. The solution of the optimization problem generally needs
considerable computational resources or is even not possible in practice at all.
The three-level approach to path planning offers the possibility to decompose
the problem into sub-problems which are tractable with reasonable efforts. A
drawback is that this decomposition may reduce the space of feasible solutions
so that optimum solutions might be lost. However, the experience shows that
this should not be too severe in practice since still quite reasonable solutions
can be found.
From the view of the manufacturing process, the central issue is the tool
curve. The manipulator curve is just a mean for its realization, and the impact
path is helpful for its representation. Based on this observation, one simple approach to path planning is to start with the definition of an impact curve taking
into account intuitive requirements of the tool path and the manipulator path.
Next, the tool curve is planned relative to the impact curve. Finally a manipulator curve is defined which induces the tool curve. The chance that a feasible
and reasonable manipulator curve exists depends on the degree of freedoms of
the manipulator. An additional degree of freedom can be the placement of the
workpiece relative to the manipulator. This approach can be improved by iteration based on variations of the impact curve. Such variations require a flexible
an computationally inexpensive possibility of surface curves. Curves based on
distance fields are well suited for this purpose.
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D I S TA N C E F I E L D S O N T R I A N G U L A R M E S H E S

Given a metric space M = ( M, d), where d is a metric on the set M, and a
source set S ⊂ M, the corresponding distance field DS is defined as a real
function on M with
DS (m) := d(m, S) := min{d(m, m0 ) | m0 ∈ S}.
For the special case of M being a triangular surface, d is the geodesic distance
metric on M. The geodesic distance of two points of a triangular mesh can
be defined as the Euclidean length of the shortest connecting polyline on the
triangular surface.
Mitchell et al. [33] have presented an algorithm on triangle meshes for its calculation (MMP algorithm). The distance field information is saved in so called
windows which represent intervals on an edge. The windows store the distance
values of their boundaries and a source id of their nearest source. These windows are then propagated along a triangle onto the other two edges. Surazhsky
et al. [40] describe an efficient implementation of the original MMP algorithm
with an additional approximation algorithm which merges adjacent windows
if they are similar. An efficient method to compute the geodesics also is presented. Bommes et al. [5] give an extension to distance calculation to polygonal
sources, as well as an adaptive refinement scheme based on red-green mesh
subdivision to increase the accuracy of the linear interpolation.
Another approach to distance field computation is the fast marching algorithm on triangular meshes, which approximates the distance field at vertices
by solving a discrete differential equation on a mesh [37, 38, 39].
An alternative approach of defining a distance is restricting M to the graph
G M defined by the vertices and edges of the triangular mesh. In this case the
points under consideration are the vertices, and the polylines are restricted to
those composed by edges of G M . This can be extended to arbitrary points on
the mesh by connecting them by a line segment to a vertex of the triangle. The
vertex is one for which the sum of its shortest path and its distance to the
considered point is minimum.
The graph-based version has the advantage that it is easy to implement by
using e.g. Dijkstra’s algorithm [12] for shortest path search in a graph, A disadvantage is the effect of discretization artifacts. As an example consider a
regular triangular mesh in the plane, i.e. with uniform degree 6 of its inner
vertices, and equal length 1 of all its edges. Then the set of vertices of distance
d from a fixed vertex does not approach the Euclidean circle of radius d even if
d is big, as possibly could be expected at a first glance. Suggestions to improve
this approach are based on the insertion of additional edges between nearby
vertices or between new virtual vertices on the original edges [40]. Nevertheless, according to our experience the best results can be achieved by the MMP
approach and its variants (cf. Figure 4.1).
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distance fields on triangular meshes

(a) Distance field on a surface with the corresponding source.

(b) Distance field with isolines.

Figure 4.1: Example of a distance field on a free-form surface with a polyline as source
(a) and its corresponding isolines (b).

5

ISOLINES

Given a metric space M = ( M, d), where d is a metric on the set M, a source
set S ⊂ M and a real number t, an isoline It is the connected set of elements m
in M for which the distance DS (m) is t, that is
It := {m | DS (m) = t}.
In the case of triangular surfaces isolines can be easily extracted from the distance field with the marching triangles algorithm. It computes line segments
for each triangle out of the implicit field representation, which is similar to
the marching cubes algorithm [31], just with triangles instead of cubes and
without ambiguities, because triangles are simplicial. The quality of the intersection point calculation between isolines and edges in the marching triangles
algorithm depends on the distance field algorithm. With the MMP algorithm
from [33], the exact intersections can be computed, which results in mostly
exact isolines.
Difficulties only arise in the interior of the triangles near the medial axis of
the distance field or behind highly curved regions. There, the marching triangles algorithm may deliver bad results due to an unfavorable tesselation, which
can be solved by subdividing the mesh as presented in [5].
The marching triangles algorithm, which extracts isolines from a triangle
mesh based on a scalar field sampled at the vertices, can also be improved if
the MMP algorithm is used. The MMP algorithm returns continuous distance
information on the edges, so that all intersections of isolines can be determined
on each edge. There can be more than one intersection, which is ignored by the
marching triangles algorithm. The precision of the isolines in the interior of a
triangle can be improved by subdividing edges with multiple intersections and
related triangles. The subdivision is performed adaptively with a 1-to-4 face
split depending on the deviation of the distance values in between the intersection points. Because the direction of shortest paths is saved in the windows it is
also possible to compute an interior point resulting from the intersection of the
two incoming isolines, which are orthogonal to the shortest path directions.
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CONTOUR GRAPHS

Given a metric space M = ( M, d), a source set S ⊂ M, a distance field DS on
M, and a set of isolines { It }. Then the contour graph G = (V, E) is a graph
containing nodes for each isoline It and an edge between two isolines Ia and Ib ,
if they have a different isovalue and a distance equal to the isovalue difference.

{ Ia | ∀ Ia ⊂ M }
E := {( Ia , Ib ) | a 6= b ∧ ∃ m ∈ Ia , m0 ∈ Ib : d(m, m0 ) = b − a}

V

:=

Figure 6.1 shows an example.
The contour graph is similar to the Reeb graph [36], which (also) analyses
the topology of a surface by its isolines. The vertices of a Reeb graph are at
critical points on which the topology changes, and the edges cover areas of
equal topology. This is somehow dual to the contour graph. Park et al. [34] use
the contour graph to build a path without tool retractions.
The contour graph is constructed by topological sorting [10]. The partition
of the surface by an isoline in a part with higher distance values and a part
with lower values serves as partial order. Symmetries which disturb the partial
order, i.e. two isolines facing each other have to be ignored during topological
sorting. Successive isolines which are concentric or in parallel can be identified
by having a parent child relation without siblings and multiple parents.
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contour graphs

(a) A distance field induced by three point
sources with several sets of concentric isolines.

(b) Corresponding simplified contour graph. Tree
vertices are omitted
which represent curves
in the isoline sets which
are located between to
further isolines.

Figure 6.1: Distance field (a) and its corresponding contour graph (b). The nodes 1,2
and 3 represent the isoline sets around the three sources and the nodes 9, 15,
16 and 17 correspond to the isolines sets incident to the four corners of the
surface.
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F R O M I S O L I N E S T O A C O N N E C T E D C U RV E

A manufacturing path consists of one curve. In the ideal case, this curve affects the workpiece everywhere. Sometimes, however, it may happen that the
tool has to be moved between two distant locations of affection along a path
segment in space, without any effect on the workpiece. In the following we
consider uniform sets of concentric isolines and of quasi-parallel isolines as defined by a contour graph. The task is to derive one closed curve for each of
these sets.
7.1

concentric isocurves

A finite set of nested closed isolines (cf. Figure 7.1 (a)) can be converted into a
spiral (cf. Figure 7.1 (b)) by an adapted application of the contour interpolation
algorithm by Fuchs et al. [18]. A segment of the spiral is constructed between
two consecutively neighboring contours so that the end point of a segment is
the start point of the next segment. The two contours are assumed to polygonal
chains with vertices pi , i = 0, . . . m, and q j , = 0, . . . , n, with p0 = pm and
q0 = qn . A grid graph is considered, whose vertices vi,j correspond to pairs
(pi , q j ). Directed edges are introduced between vertices for which one index
is the same, and the other one increases by 1. The vertices vi,j are weighted
with the length of a shortest geodesic path between pi and q j , if one exists.
Otherwise the weight is infinite. A monotonous path from v0,0 to vm,n with
minimum sum of vertex weights is calculated using e.g. the A*-algorithm [20].
For efficiency, just the edge weights of examined edges are evaluated.
If no solution exists, the problem is split into two sub-problems by inserting
a further contour in-between the two considered contours. Otherwise a triangular strip is constructed which is induced by the two polygonal chains and the
line segments corresponding to the edges of the calculated shortest path. An
isomorphic triangular strip is considered in the plane. For example, vertices
pi may map to the plane vertices with coordinates (i, 0) and vertices q j to the
plane vertices with coordinates ( j, 1). The strip in the plane might be additionally deformed in order to minimize the difference between the spatial and the
plane edge lengths.
Now a diagonal line is drawn in the plane from vertex (0, 0) to vertex (n, 1).
The intersection points of the diagonal with the edges of the plane strip are
transferred to the surface strip by locating them with the same ration of subdivision on the spatial edge. The resulting points are sequentially connected
by geodesic curves. If no feasible curve results, the problem is split in two subproblems, like described above. The resulting curve defines the segment of the
spiral between the two contours.
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from isolines to a connected curve

(a) Concentric isolines

(b) Spiral path

(c) Alternative spiral path

(d) Meander path

Figure 7.1: Different connection strategies for parallel and concentric isolines.

7.2

quasi-parallel isocurves

For quasi-parallel contours, the vertices at the same end of two consecutive
contours are connected by a geodesic path. This is performed alternately at
both ends in order to get one connected curve (cf. Figure 7.1 (d)). If a segment or
the boundary of the surface is located between two end points to be connected,
this segment can replace the geodesic path.
7.3

two-way curves

If there are several sets of concentric or quasi-parallel contours, the difficulty
of connecting them into one curve exists. This can be performed as outlined in
the following. First, a path is constructed in the contour graph by traversing the
tree e.g. in depth-first order, but return on the edges already used if a dead end
is reached. This means that vertices and edges are traversed multiply, but edges
are visited exactly twice. Edges belonging to a set of contours are arranged in
two connected subpaths. This means that every set is visited exactly twice. This
can be achieved by traversing the connected curve of the forth and back. If this
is not desired, the curve can be doubled into a pair of quasi-parallel curves. In
this case, the distance used for the initial isolines can be doubled in order to
achieve the same density of the result (cf. Figure 7.1 (c)).
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T H E M E D I A L A X I S - E X T R A O R D I N A RY R E G I O N S O F
D I S TA N C E F I E L D S

The choice of sources and the structure of the surface can affect the quality of
the isolines negatively. One observation is that the distance between adjacent
isolines can get bigger in some situations. It is also possible that islands made of
closed isolines evolve. Such islands can result from non-convex border curves
as sources. With free-form surfaces, they can also be induced by the surface
form, because local bumps perturb the distance field. Such islands effectively
split the path into separate paths that cannot be easily connected.
Another problem are non-differentiable areas in the distance field which induce sharp corners on isolines. The sharp corners may lead to a non-uniform
contact situation between a tool and a workpiece surface. The reason for this
is a larger symmetric Hausdorff distance1 to adjacent isolines at sharp corners
although the isolines are originally equally spaced. For example, this makes it
more difficult to realize a constant cusp height for milling, or a uniform coating with spray coating. Furthermore, the sharp corners make it impossible for
a machine or a robot to move the tool without stopping, which has a negative
effect on the process time.
The non-differentiable regions, in the following denoted as extraordinary
regions, occur at the so-called medial axis. Given a metric space M = ( M, d),
where d is a metric on the set M, and a source S ⊂ M, the medial axis [3] MAS
is the set of elements m in M for which at least two distinct elements s and s0
in S exist with
DS (m) = d(m, s) = d(m, s0 ),
that is,

MAS := {m | ∃ s, s0 ∈ M, s 6= s0 : DS (m) = d(m, s) = d(m, s0 )}.
The MA is related to the concept of Voronoi diagrams (VD). Given a finite
set Sv of finite subsets of M, the so-called sites, the edges of the corresponding
Voronoi diagram are induced by the set of all elements m ∈ M for which at
least two distinct sites S and S’ exist so that
d(m, S) = d(m, S0 ).
The distance of m to a set S is the infimum of d(m, s) for all s ∈ S.
On a surface, the Voronoi diagram induces a cell decomposition. The Voronoi
cells correspond to the sites and define the regions of surface points closer to
the site than to all other sites. A point on the Voronoi diagram which has equal
distance to at least three sites is denoted as Voronoi vertex.
For polygonal chains considered as sequences of alternating points and open
line segments the MA is a subset of the VD with the points and line segments
1 one-sided Hausdorff distance: dh ( X, Y ) := supx∈X infy∈Y d( x, y), symmetric Hausdorff distance:
d H := max{dh ( X, Y ), dh (Y, X )}
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as sources. If all or some of the line segments are replaced with circular arcs,
this still holds [21].
Medial axes and Voronoi diagrams can be calculated using distance fields,
as will be outlined in the following. In contrast to most of the other VD construction algorithms in Euclidean spaces, this approach can also be used on
free-form surface meshes representing 2D Riemannian manifolds embedded in
the 3D Euclidean space.
For the MMP representation of distance fields, the VD construction is rather
easy, because the distance field already implicitly contains all the information.
The so-called windows on each edge represent an interval and store among
other information the source id of the nearest source. All windows with a specific source id induce a Voronoi cell. To reconstruct the boundary of the Voronoi
cell, first all edges Ec containing a window with the specified source id are identified. Obviously all Ec0 from Ec containing a window of another source intersect
the Voronoi diagram. Thus, the Voronoi diagram edges pass through all faces
Fe incident to an edge from Ec0 . Also, the Voronoi diagram edges pass through
all vertices Vc , which are incident to a window of the specified source and a
window of another source. All faces Fv incident to a vertex from Vc , which also
contain at least one edge from Ec0 are identified. All in all, the Voronoi diagram
egdes only pass through the faces Fe ∪ Fv . After this preprocessing step, for every face in Fe ∪ Fv the intersection points of the VD are computed. A Voronoi
diagram edge passes through the intersection points which can be identified
directly on an edge from Ec0 by identifying a change in source id of two consecutive windows. It also passes through the beginning or end of an edge from Ec
if the incident vertex belongs to Vc . The next step is to connect the intersection
points to line segments. There are two cases to distinguish. The first case is that
only two intersection points are in a triangle, which can obviously be connected
to a line segment. The second case occurs when at least four intersection points
are in a triangle. Connecting these would be rather simple if all Voronoi cells
were convex, but unfortunately this is not the case. To solve this problem the
triangle is subdivided until just two intersection points are left in each triangle,
which leads again to case one.
The next construction step takes care of the Voronoi vertices. Triangles that
are part of more than two Voronoi cells contain at least one node. The number
of nodes and their position is again found by subdivision of the triangle. The
2D position x of a node is determined by solving a system of linear equations,
which results from minimizing the deviations from all incoming Voronoi edges
with intersection points pi and normals ni ,

∑((x − pi ) · ni )2 → min.
i

The direction of a Voronoi edge, which has to be known for these equations,
is the bisector of the two adjacent shortest path directions. These shortest path
directions are again stored in each window on the edges. A triangle containing
a node is only subdivided if the intersection point deviates from the lines by
a given amount. This results in a fast adaptive calculation of nodes with a
predefined precision.
The next step is to sort and segment the boundary of each Voronoi cell. A
segment is the connected boundary between two Voronoi nodes shared with a
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single other source. The Voronoi cell boundaries are then merged to a single
VD by only taking the Voronoi segments from the cells with a higher source id.
The segments are also used to generate a graph representation of the VD. After
identifying equal nodes in all Voronoi cell boundaries, the graph can be build
by adding the segments adjacent to the nodes.
A distance field is continuous of arbitrary order except possibly on the medial axis. At the points of the medial axis the distance field is continuous, but
in general not differentiable. These points are denoted a extraordinary points.
As an example the distance field of a square in the plane has the shape of a
“roof” of 45 degree slope which is not differentiable at the ridges starting a t
the vertices.

9

S M O O T H I N G O F D I S TA N C E F I E L D S

The aim of smoothing distance fields is to remove the regions of extraordinary
points. This is achieved by modifying the distance field into a new function
which is differentiable everywhere.
9.1

smoothing by convolution

One approach of smoothing is convoluting the distance field with a differentiable function. For one-dimensional real functions f and g the convolution is
defined as
h( x ) = f ∗ g( x ) =

Z ∞
−∞

f (ξ ) · g( x − ξ )dξ.

From the calculus of differentiation and integration it is known that h is differentiable if g is differentiable, even if f is not. Since the distance field should
be modified not too much by smoothing, the choice can be a locally averaging
functions g, as known from low pass filters in signal theory or image processing.
On a triangular mesh of sufficiently high resolution, a discrete version similar
to image processing can be applied. For example, the distance value of a mesh
vertex V can be smoothed by taking a weighted average of the distance values
of all vertices which are geodetically closer to V than a given bound b > 0.
The bound defines the smoothing degree of the filter. The weights are sampled
from a differentiable filter function with a disc-shaped support of radius b.
9.2

diffusion-based smoothing

A more sophisticated approach to smoothing can be based on diffusion processes of physics. This is known from image processing, too. Diffusion processes are modeled by the equation of diffusion
∂f
= c · ∆f,
∂t
where f is the space- and time-dependent scalar diffusion function. c > 0 describes the strength of diffusion. ∆ denotes the Laplace operator which is the
sum of the second derivatives according to the spatial variables f is depending
on, e.g.
∆ f = f xx + f yy
in the plane. For example, f (p, t) could be the temperature at a location p at a
time t, and c could specify the degree of heat diffusion. Given f = f 0 at a certain
time t0 , the change of f over time is specified by the equation of diffusion.
Smoothing by diffusion basically takes the distance field as initial function
f 0 at time 0. Since the distance field is not differentiable everywhere it formally
has to be made differentiable e.g. by convolution as described above.
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For the application on triangular meshes, the equation of diffusion is transferred into a discrete version which is solved iteratively over time, starting with
the initial field f 0 . In an explicit formulation this leads to the iteration step
f n +1
= c · ∆ fn,
h
where h is the time step. The size of the time step of the iteration influences the
strength of smoothing An implicit formulation of the iteration step is [11]

( I − h · c · ∆ ) f n +1 = f n .
Here ∆ denotes the discrete Laplace-Beltrami operators given by the well-known
cotangents formula [32]
∆ fi =

1
2A i

∑

(cot αij + cot β ij )( f j − f i ),

jeN1 (i )

where Ai is the Voronoi area around vertex i, αij and β ij are the two angles
opposite to the edge from vertex i to j, f i is the distance value at vertex i and
N1 (i ) is the 1-ring neighborhood of vertex i.
Desbrun et al. [11] suggest a normalized version of this equation, in which
1
is omitted. In this
the cotangents weights sum up to one and the coefficient 2A
i
way the explicit integration scheme is more stable and a step length from the
interval [0, 1] can be used.
Applying the Laplace-Beltrami operator iteratively to the distance field has
the undesired effect of reducing the sum of all values. This can be avoided
by multiplying all values afterwards by a volume conserving factor [11]. This
factor is guided by ∑i Ai · f i , which is approximately the volume of the distance
field.

(a) Original distance field.

(b) Smoothed distance field.

Figure 9.1: Effect of smoothing by diffusion.

A distance field smoothed by diffusion is presented in Figure 9.1. Notice
the non-differential regions in the original distance field, which are smoothed
by the diffusion process. A further interesting aspect of diffusion to be possibly
investigated in future is locally adaptive diffusion by a locally varying diffusion
coefficient c.

9.3 impact of smoothing

9.3

impact of smoothing

All these smoothing methods change the distribution of the gaps over the
curves, but cannot eliminate them. Generally, the bigger gaps between curves
can be compensated by lowering the overall path separation, so that the maximum gap width is small enough. Except for spray coating, where the path
length is not related to the global process time, a smaller path separation width
increases the process time, which is not desirable. For milling or machining,
there is also the possibility to add an additional path along the medial axis or
little fishtail loops at sharp corners [15] to process the areas where the gap is
too wide.

25

10

A N I S O T R O P I C D I S TA N C E F I E L D S

Anisotropic distance fields arise if the metric on a surface is changed locally.
This means for example that a distance of 1 in the original surface metric is
now measured by distance 2 in the new metric. This has the geometric implication that two surface points of distance d in the new metric have distance
d/2 in the original surface metric. In this way, isolines in the new metric have
changed the distance when drawn on the surface for which the old metric still
holds (cf. Figure 10.1). In manufacturing, anisotropic distance fields are useful
if the impact of a tool depends on the behavior of the surface. For example,
the approximation of a ball shape cutter is depending on the local curvature
of the surface. The approximation is worse on a plane region than on a region
of curvature similar to that of the ball. For a spherical tool, the path separation
can be approximated by
s
8h0
ω=
,
κt − κ
with the tool curvature κt , the surface curvature κ orthogonal to the path and
the maximal cusp height h0 [30]. This formula is used to calculate a new metric
from the surface curvature.

(a) Isotropic distance field.

(b) Anisotropic distance field.

Figure 10.1: Isotropic and anisotropic distance fields on a cylindrical surface.

The local metric of a surface can be defined by a metric tensor. In the case of
the milling example, the metric tensor is constructed by taking the normalized
principal curvature directions and scaling them by the factor
r
κt − κ
s :=
.
κt
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anisotropic distance fields

The metrics principal directions are the principal directions of the curvature
tensor. Distance fields generated with this metric comply with the cusp error
and thereby also result in shorter paths (cf. Figure 10.2).
For triangular meshes, anisotropic distance fields may be obtained by the following heuristic approach. A metric tensor is assigned to every vertex. Then the
mesh is transformed by changing the edge lengths according to the metric tensor information. This is performed locally during the calculation of the distance
field with the MMP algorithm. This means that the algorithm remains basically
unchanged, but it is executed on a virtual mesh obtained by local warping.
New edge lengths l can be calculated by rotating an edge e into the tangential
plane of a vertex and multiplying it by the metric tensor M: l = k M · ek2 . This
is done for both vertices of an edge and the final edge length is then the mean
of the two lengths.
The quality of the resulting anisotropic distance field is sensitive to the mesh
tesselation. In particular, a higher triangle density in regions with high metric
tensor field changes is necessary. A criterion for subdividing a triangle is the
difference of the Euclidean mean of an edge compared to the position of the
mean after dividing the edge in the middle and assigning the two new edge
lengths.
The adaptive subdivision requires interpolation of the two metric tensors of
the vertices of an edge. The interpolated tensor is used to calculate the lengths
of the two new edges resulting from subdivision. This is done as follows. First,
the tensors are rotated into a common coordinate system, which could be e.g.
formed by the edge as x-axis and the mean edge normal as z-axis. After that,
the corresponding principal directions are found by evaluating the absolute
dot-product of the normalized principal directions. Then, the rotation angle α
around the z-axis from the first metric to the second one, which is between
−45◦ and 45◦ , is calculated. The new interpolated metric M(t) is then generated by rotating the principal directions by t · α around the z-axis, and linear
interpolation of the metric tensors eigenvalues.

(a) Isotropic distance field.

(b) Anisotropic distance field.

Figure 10.2: Visualization of the cusp error for paths of isotropic and curvature-adapted
anisotropic distance fields.
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B L E N D I N G O F T W O D I S TA N C E F I E L D S

The general formula to blend two distance fields DS and DS0 , with S ∩ S0 6= ∅,
is:
D ∗ (m) :=

DS ( m )
, m ∈ M.
DS ( m ) + DS 0 ( m )

The resulting distance field D ∗ interpolates between DS and DS0 . The isolines
with values 0 and 1 are the sources of DS and DS0 , respectively.
D ∗ (m) = 0 ⇔ m ∈ S, D ∗ (m) = 1 ⇔ m ∈ S0
The isoline of D ∗ with the value 0.5 is the MA between DS and DS0 . The isolines
are equally spaced as long as the two shortest paths that meet in m are parallel.
Otherwise, the distance between isolines increases.

(a) Distance field from the boundary

(b) Distance field from the medial axis

(c) Blending result of the two distance fields
from (a) and (b)

(d) Resulting spiral path

Figure 11.1: Blending operation mixing the distance fields from (a) and (b).

This concept can be applied for generating a stack of closed isolines inside a
region, without “islands”. The general idea is to combine the original distance
field DS with the distance field DMA of the MA in such a way that a stack of
closed isolines is generated. After removing all the MA segments that touch
the boundary, the merged distance field interpolates between the boundary
and the rest of the MA, which already results in a stack of closed isolines
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blending of two distance fields

(cf. Figure 11.1). To further equalize the separation gap between isolines, the
starting distances at the MA are offset. This has a similar effect like the growing
disc approach by Held et al. [22].
Based on an uniform distribution of start distances on the MA this resolves
to the following equation for two successive positions A and B on the MA:
D∗ ( A) − D∗ ( B)

=

DS ( B )
DS ( B) + DMA ( B)

=

DMA ( B)

=

d( B − A)
,
hR
d( A, B)
D∗ ( A) −
,
hR
DS ( B ) · h R
− DS ( B ) ,
D ∗ ( A) · h R − d( A, B)

where h R is the maximum sum of the length from the root R of the medial axis
tree to a leaf of the M A, plus the distance value of the leaf, as defined in Held
et al. [22]. d( A, B) is the Euclidean length from A to B.
The new distance field D ∗ lies in [0; 1] and is scaled afterwards by the maximum distance of DS and DMA . The maximum distance
dmax := max{ max { DS (m)}, max{ DMA (m0 )}}
m∈MA

m0 ∈S

of DS and DMA is the biggest distance on the original MA or the biggest distance on the boundary. Choosing the isoline gap g in the scaled distance field
D ∗ guarantees that the distance between the isolines along shortest paths does
not exceed the gap. This is obvious because all shortest paths are shorter than
the maximum distance, so that a division by dmax /g isolines creates shorter
gaps.
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CONCLUDING REMARKS

A rigorous treatment of distance field based curves on surfaces has been presented. This has been performed with respect to the requirements of path
planning for manufacturing. A framework of three types of paths has been
described which is useful for the development of path planning approaches.
Within the framework, distance field based curves are well suited to serve as
impact curves for surface-oriented manufacturing processes.
For surfaces with complex boundaries, the merging of the boundary source
distance field and the medial axis distance field may lead to curves with very
different distances. An interesting approach to cope with this problem could be
to partition the surface into sub-surfaces which are better suited with respect to
this aspect. A criterion of well-suited surface is that the distance of the medial
axis from the surface boundary is uniform.
Forces occurring during the execution of a path may cause a real path which
differs from the planned path. An approach to compensate this error is to deform the planned path. For distance field based paths an interesting question
is whether this can be performed by warping of the distance field.
For manufacturing processes which need high speed, like high-speed milling
or thermal spray coating, the distance field based curves which are conformal
with the boundary of the surface have possibly too high curvature. As mentioned before, e.g. Elber et al. [16] have employed circle-induced curve types
for this purpose. This approach could be worked out by using distance field
based curves guiding curves. An interesting aspect is to achieve curve patterns
coring the surface with a uniform density.
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